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SINGULAR INTEGRAL OPERATORS ON C! MANIFOLDS

JEFF E. LEWIS, RENATA SELVAGG]I, AND IRENE SISTO

ABSTRACT. We show that the kernel of a singular integral operator is real ana-
lytic in R"\ {0} iff the symbol [Fourier transform)] is real analytic in R"\ {0} .
The singular integral operators with continuous coefficients and real analytic
kernels (symbols) form an operator algebra with the usual symbolic calculus.
The symbol is invariantly defined under C! changes of coordinates.

Algebras of singular integral operators (s.i.0.) or pseudodifferential operators
have been studied from various points of view. For the C> theory, the pseu-
dodifferential operator approach using Fourier transforms or oscillating integrals
gives a full asymptotic expansion of the operator, but does not give minirnal
assumptions on the coefficients for partial results. Let T be a singular inte-
gral operator, e.g., the Hilbert transform, and a(x) a bounded function with
compact support. Consider the commutator

C=aTl - Ta.

Then C is a compact operator on L? under the sole hypothesis that a(x) is
continuous. The continuity assumption cannot be relaxed; in dimension n =1,
a jump discontinuity in a(x) makes C a Hardy kernel operator which is not
compact on LP(R) and the symbolic calculus must include Hardy kernels [Cos;
LP; L].

In this note we develop an algebra, Op %”(8)’9(R") , of s.i.0. which have contin-

uous coefficients and are invariantly defined under C! changes of coordinates.
The price to pay is to assume real analyticity of the kernels [symbols] in the
convolution [Fourier multiplier] variables. The first observation is that a s.i.o.
has a real analytic kernel iff its symbol [Fourier transform] is real analytic. For
the C! change of coordinates, we take the approach of s.i.0. and apply the
method of rotation of Calderén and Zygmund [CZ 1] for odd kernels. We use
the full power of the Multilinear Commutator Theorem of Coifman, McIntosh,
and Meyer [CMM, Theorem 3]. The algebras of s.i.0o. may be transported to a
C! manifold .# , as in Seeley [SCM] for manifolds of class C*, k > 3.

We shall follow the notation of [CZ 1] and [SCM] with a few exceptions.
Points in R” will be denoted x = (Xx;,..., x,), etc.; x’ = x/|x|. The unit
sphere {|x| =1} will be denoted by X and its element of surface area by do .
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The space C#(R"), B > 0, will denote the class of complex functions on R”
whose derivatives up to order [f] are bounded and continuous on R" and
whose derivatives of order [B] satisfy a uniform Holder condition of order
B —[B]. For 1 < p < oo, LP will denote the space of measurable functions
whose pth power is integrable, and for k a nonnegative integer, L? is the space
of functions whose derivatives of order < k are in L? ; the norm on Li is

1/p
Wk =( > 1D°118)
0<a|<k
The Fourier transform is defined as f(¢) = [e~*¢f(x) dx, so that f(x) =
(2m)~" [ e f(&) de.

A homogeneous function F(z) isin & if it is real analytic on R"\ {0}; if
F(z) € @, then there are constants C, R > 0 such that for 1 <|z| <2,

|D*F(z)| < C(1/R)1lat.
From [SCM] we recall the definitions of functions homogeneous of degree 0
and —n.

Definition 0.1. Let F(x, z) be defined on R” x (R"\ {0}). We say that F(x, z)
is homogeneous of degree 0 if

F(x,Az)=F(x,z)=F(x,z), forall A1>0, z#0.
We say that F(x, z) is homogeneous of degree —n if
F(x,Az)=A""F(x, z) = |Az| "F(x, Z'), forall A>0, z#0,
and
/ZF(x,z’) do =0.

The following definition describes the kernel and symbol classes for our s.i.0.

Definition 0.2. Let F(x, z) be homogeneous of degree 0 or of degree —n. We
say that F(x, z) € €8-°(R") iff F(x, z) is C# with respect to x , uniformly
for 1 <|z| <2,and C*™ with respect to z, uniformly in x.

We say that F(x, z) € €8-9(R") iff F(x, z) is C# with respect to x,
uniformly for 1 < |z| < 2, and real analytic with respect to z, 1 < |z| < 2,
uniformly in x.

In the case that F(x, z) = F(z) is independent of x, we shall sometimes
write F(z) € € °(R") or F(z) € €7(R").

In §1 we study homogeneous functions of degree 0 which are real analytic.
Let F(z) = F(z') be homogeneous of degree 0 and let

o) d(m
F(z)=ao+ Y @mYim(z) =a0+ Y Y @ymYim(z
m=1 [=1
be its expansion in spherical harmonics. We show that F(z) is real analytic
in R™\ {0} iff the sequence {a,} is exponentially decreasing, i.e., there are
constants ¢, 6, 0< 60 < 1, such that

|aim| < com.
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As a consequence (Theorem 2) a s.i.0. has a real analytic kernel iff its symbol is
also real analytic and the composition of two convolution s.i.o. with real analytic
kernels has a real analytic kernel.

In §2 we treat algebras of s.i.o. on R”. The symbols are homogeneous of
degree 0 and in % “(R"); the kernels are homogeneous of degree —n and
in &k-¢(R"). The operators to be ignored are the compact operators on L?
(more precisely see Definition 2.1). The Commutator Theorems and the Symbol
Exact Sequence (Theorem 3) are stated without proofs since our operators in
Op %Q&'ﬂR") form a subalgebra of the s.i.o. of type Cy®° in the notation of
[SCM].

In §3 we treat C! coordinate changes for operators in Op fé”(g)ﬁ(R”). The
crucial result (Theorem 5) is an approximation theorem for odd kernel oper-
ators. The real analyticity of the kernels is required to apply the Multilinear
Commutator Theorem of [CMM].

With the result of Theorem 4, in §4 we indicate how the program of See-
ley [SCM] may be carried out to transplant Op %(g)ﬁ(R") to a compact C!
manifold.

An example. Consider a double layer potential on the boundary of a C! domain
in R"! Let Q bea C! domain in R**! and k(X) an analytic double layer
kernel:

(1) k(AX)=A""k(X),A>0, X € R™!\ {0},

(2) k isodd: k(-X)=-k(X), X #0,

(3) k is real analytic in R™*!\ {0} .
If a(P) and b(P) are continuous on 9Q, then

Tf(P)=a(P)f(P)+p.v. | k(P-0Q)f(Q)b(Q) dag

0Q

is an operator in Op ?5’”(8)"?(89). These layer potentials on C! surfaces in
R™!  n > 2, are considered by Selvaggi and Sisto in [SS 1] and [SS 2]. Bounds
for the nontangential maximal function are shown in [SS 1]. In [SS 2], it is
shown that the operator 7 differs locally from an s.i.0. by a compact operator.

The pioneering work on potentials on C! domains was done by Fabes, Jodeit,
and Riviere [FJR]. Cohen and Gosselin [CG] treated multiple layer potentials
for the biharmonic operator on C! domains. In [FJR] and [CG] the layer
potentials are of the form I + C, C compact, so that the symbols are the
identity.

For a pseudodifferential operator approach to operators with analytic coeffi-
cients and analytic kernels see Boutet de Monvel and Krée [BK, B 1, B 2].

The authors thank A. Bove for several discussions regarding this work.

1. REAL ANALYTIC HOMOGENEOUS FUNCTIONS AND SPHERICAL HARMONICS

We recall some facts about spherical harmonics [CZ 1; N, pp. 212-237].
Let Y,,(z) be a normalized real spherical harmonic of degree m: Y,(z) =
Ym(z') =|z|™P,(z) where Pn(z) is a homogeneous polynomial of degree m
satisfying AP, = 0 in R" and [5|Y,u(2')|* do = 1. We let d(m) denote the
dimension of the space of spherical harmonics of degree m and let Y,,,(z'),
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l=1,...,d(m),bean orthonormal basis for the spherical harmonics of degree
m. We have that d(m) ~ 2m"~%/(n—2)! [N, p. 218]. If F(z) = F(Z') isa
function homogeneous of degree 0 and F(z') € Lz(Z) we let

(1-1) F(Z/)NaO"‘ZaleIm( ‘—a0+z zalmylm

m=1 [=1
be its expansion in spherical harmonics; here

1 ' _ ’ ]
(1-2) a0=|_).".|/zF(Z)da’ a,m—/zF(z)Y,m(z)da.

It is known that F(z') € & ><(R") iff the sequence of coefficients in (1-1)
is rapidly decreasing; i.e., for every r, |a;,| < ¢;m~". We now characterize
functions in Z">?(R") in terms of exponentially decreasing coefficients.

Theorem 1. Let F(z') € € >°(R") and let
(1—3) F(ZI) =a0+zalelm(Z,)

be its expansion in spherical harmonics. Then F(z') € € ¢ (R") iff there is a
constant ¢ and a number 6, 0< 6 < 1, such that

(1-4) aim| < c6™.

Proof. Let F(z') be real analytic. If G(z’') is homogeneous of degree 0, let
LG(z) = |z|?°AG(z) = AsG(z'), where Ay is the Laplace-Beltrami operator on
X. Then [CZ 1, p. 905] for every integer r > 0,

(1-5) i = sy =7 L F () Yinl2) do.
Since [ALF ()] < c(1/RP*(2r)! and [Yip(z)] < cmn/2=t,
(1-6) (aiml < €21 (1 R

By Stirling’s formula (2r)! ~ /4rnr(2r/e)? ; for m large choose 2r ~ Rm.
Then
|alm| < cmn/Z—I/Z(Rm/Rme)Zr ~ cmn/2—1/2 [e—R]m < ceem

ifeR<O<1.

Suppose that (1-4) holds and choose J > 0 so small that §(1-6)"!' =6, < 1.
We first estimate |D®Y,,(z)|. Let Y,,(z) = |z|"™Pn(z) . By the estimate [CZ 1,
p. 903]

(1-7) |D?Py(2)| < Cclelmn/2=1+lal| zjm=lal,

Let gn(z) = |z|~™. Since gn is real analytic in R"\ {0}, near |z| =1, we use
the contour integral representation of g, (z) along the contours |{; — z;| = &
to obtain that

(1-8) ID%(|2|~™)| < (1 — §)~6 " elat

Using Leibniz,
(1-9) D Yn(2) = D(al " Ba(2) = X () D110 Pu2),

y<a
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Thus

(1-10) |D*Y,u(2)| < 6" m" >~ |z l(1 = 8)~m 3" (C;) y1 6=l pple=1,

y<a
The trick is to observe that for fixed y, y < a,
(1-11) yImle <N " yptmle Nt < m(m+ 1) - (m+ |al).
r<a
In fact if |a| = N, the sum in (1-11) is maximized when |a| = (N, 0,...,0)
and in this case
(1-12) S jtm¥ I =mM 1N jimV I <m¥ 4 (m+ 1) (m+ N).
j=0 j=1

The inequality in (1-12) is easily seen by comparing the coefficients of the

polynomials in m . It follows that

(1-13) ID*Y(2)| < c67"mi|z| 71l (1 = 8)~"(67" + )l
x(m+1)(m+2)---(m+]al).

Using (1-4) and (1-13),
(1-14)

oo d(m)

Z Z Ialm”DaYIm(Z’)l

m=1 [=1
<cs(67 1+ )l i m"2n=2(0(1 - 6)"HM(m+ 1)(m +2)---(m+|al),
m=1

which is dominated by

(1-15) (M + )l "0, (m+ 1) (m+al),

m=1
where 6(1 —3)~! =6, < 6, < 1. The sum on the right-hand side of (1-14) is
dominated by |a|! (1 — 6,)~1*I=!, Thus we have
(1-16) |D*F ()| < ¢s(1/R)|al!
with R~ = (7' +¢)(1 — 6,)~!, so that F(z’) is real analyticin R\ {0}. O

Following [CZ 1], we define a s.i.0. via spherical harmonics. If Y;,,(z') is a
spherical harmonic, define the s.i.o. kernel k;,, and operator 7;,, on L”(R")
by

klm(z) = |Z|_"Y[m(2/),
Timf(x) = lim kim(x =) f(y)dy

-0 |x—y|>€

(1-17)
1

= g [ €0 Tim @/ dt.
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where f| (&) is the Fourier transform of f and o(7},,)(£) is Fourier transform
of the distribution kernel p.v. &, :

oTm@= _fim [ e hin(2)dz = Vi@,
(=) (m/2)
m =TT (m +n))2)

(1-18)

Now let k(x, z) € €#>>(R") be homogeneous of degree —n,

Z Am(X) Yy (2');

define the s.i.o. T on L?(R") by

Tf(x) = lim - ylxk(x,x—y)f(y)dy
(1-19) =) @ (X)Tim f (x
= Gy [ oMk 7@ de,
where
120) o(T)(x,&)=__lim o e™%k(x, z)dz

= Zalm )7m Yim(&).

From Theorem 1, we have

Theorem 2. Let the operator T of (1-19) have a kernel k € €#-2(R"). Then
the symbol of T, o(T)(x, &), defined by (1-20), which is homogeneous of degree
0 and in €F-°(R"), is also in EF-C(R") iff the kernel k isin €87 (R").

Remark. Theorem 2 could be proved by using the result of Boutet de Monvel
and Krée [BK, Proposition 0.4] that the Fourier transform of a holomorphic dis-
tribution homogeneous of degree a is a holomorphic distribution homogeneous
of degree —n —a.

2. ALGEBRAS OF S.1.0. WITH REAL ANALYTIC KERNELS ON R”

We first describe the “compact” operators to be ignored; i.e., the operators
whose symbol is = 0.

Definition 2.1. Let k be a nonnegative integer and C a bounded operator on
L?. Then C € %, (R") iff

(1) For 0<j<k-1, C and C* are bounded from L% to L%,
(2) C is a bounded operator on L} and for every ¢, v € Ck(R™), the

map f+— ¢C(wf) is a compact operator on LP.

Our algebra of s.i.o0. will consist of s.i.0. with kernels [symbols] in &*-7(R")
plus operators in %;(R").
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Definition 2.2. Let %g)’@(R") denote the space of functions F(x, z) which are
homogeneous of degree 0 and in #%-“(R").
An operator T on L” is an operator in Op‘ﬁg)ﬂ(R") iff

1

(2-1) Tf(x)= VR

/ e F(x, &) f(E)dE + Cf(x),

where
(1) F(x,&) isin &g (R"),
(2) C e B (RM).
The symbol of the operator T in (2-1) is

(2-2) a(T)(x, &) = F(x, &) = ao(X) + Y tim(X)Yim(&
The kernel of the operator T in (2-1) is
(2-3) kr(x Z)=ao( )6(z) +k(x, z),

= 127" aim(x)7 Yim(2') € B4 (RY).

We note that if T € Op%" “(R"), then T is also a s.i.o. of type cx
as developed by Seeley [SCM]. Operators in Op %jg)’ﬁ(R") form a subalgebra

of the singular integral operators of type C; ; operators in Op %g)’ﬂ(k”) are
bounded on Lf , 0 < j < k. In particular the symbol and kernel are well
defined and we have the usual symbolic calculus:
U(Tl Tz)(x ’ é) = J(Tl)(xa é) ° U(TZ)(xa é) l}

o(T*)(x,&) =a(T)(x,?).
Theorem 3 (Symbol Exact Sequence). For each k > 0, the symbol map, o :
Op %k 7(R") — %g)'ﬁ(R"), is a *-algebra homomorphism, and the following
sequence is exact:

0 — F(R") — OpF” (R") 2 Ff“ (R") — 0.

(2-4)

3. C!' COORDINATE CHANGES FOR Op %g)'ﬁ(R")

We show that the symbol of an s.i.o. in Op %8)’ﬁ(R”) is invariantly defined

under C! changes of coordinates. This step exploits the real analyticity of the
kernels.

Let Q and Q be bounded open subsets of R” and y: Q — Q a C! diffeo-
morphism. Assume that

O<c<|dx(x)] < 1/c, x €Q,

and we shall write x(x) = X, etc.; J(x) = |dx(x)| is the Jacobian of the
transformation. For f € LP(Q) let (x.f)(%x) = f(x~'(X)) = f(x) and for
)

g(%) € LP(Q), let (x*8)(x) = g(x(x)) = g(x).




300 J. E. LEWIS, RENATA SELVAGGI, AND IRENE SISTO

Theorem 4. Let T € Op %g)'@(R”) , and suppose that the support of o(T) is in

a compact subset K of Q and that T has kernel ay(x)d(z) + k(x, z). For
f € LP(Q), define

(3-1)
T f (%) = 2" (T(xe ))(x)
= a(®)f(x) +lim | k(x, x-pJf(y)dy
X—y|>€
= ao(x(x))f(x) + lim k(x(x), x(x) = 2N f () (v) dy

€=0J|x(x)=x(»)1>e

Then the operator T, is in Opi;’”(g)"ﬁ(R") and

(3-2) a(Ty)(x, &) = a(T)(x(x), [(dx(x) "] - &).

The proof of Theorem 4 goes in two steps. Since multiplication by ag is no
problem, we first consider the case where

(3-3) Tf(x) = lim k(x,x-9)f(y)dy,

€=0J|x—p|>

where k(X, —z) = —k(X, z) is an odd kernel. We then handle the case of an
even kernel using Riesz transforms and the symbolic calculus of Theorem 3.

Before treating odd kernels, we first handle some technical difficulties. If the
support of k(x,-) is K, let K = xy~'(K) and choose ¢ € CeQ), ¢=1 on
K . Replacing f by ¢f gives an operator in %j(R"). Using a finite partition
of unity on Q, we may assume that ||dx(x) — dx(x%)| < &'||dx(x%)|, where
J' is a convenenient small constant. We shall therefore assume that f(x) and
k(x(x), -) have support near a point x©°.

Theorem 5 (The odd case). Let k(x, —z) = —k(x, z) be an odd kernel and

T f(x) = X" (T(x«S))(x)

= lim k(x,x —y)f(y)dy
=0 Jix—p|>e
(3-4) = lim k(x(x), x(x) = xS () dy,
€=V Jx(x)—x(»)>e€
Tf(x) =lim k(x(x), dx(x)- (x =) f()J(»)dy.

€=0J|x—y|>e

Then T, - T € %(R") and

(3-5) a(Ty)(x, &) = a(T)(x(x), [(dx(x) ') - ).

Before proving Theorem 5, we note that the change of metric in (3-4) (from
|x —y| > € to |x(x)— x(¥)| > €) has no effect on the limit in the case of odd
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kernels. See [SCM, Lemma 5] for the smooth case and the effect on even kernels.
In the following lemma we introduce the metric p(x, y) = |x(x) — x(»)|, and
let M f denote the Hardy-Littlewood maximal function of f.

Lemma 1. Let k(x, z) be an odd kernel. Consider the four operators

K. f(x) = / k(x(x), dx(x) - (x = ) ) I () dy,

|x—yl>e

Ko pf(x) = / k(r(x), dz(x) - (x =) 0T () dy,

[x(x)=x(y)|>€

Rof(x) = / k(r(x), 2(x) = xS0V () dy .

Jx—y|>e

e pf(x) = / k(2(x). 2(x) = X0 F )T () dy.

[x(x)=x(y)|>€

Then

(1) SUpP¢-o I{cef(x) - Ige,pf(x)' < CMf(X).

(2) supeso |Kef(x)_Ke,pf(x)| <cM f(x). 3

(3) || SuPeso [Ke /()] llp < Gollflly and lim_oKef(x) = T'f(x) exists in
L? and a.e. X

(4) || suPeso [Ke, oS llp < 6ol f1lp and lime—oKe, ,f(x) = Tyf(x) in
L? and a.e.

(5) lim_o(Kcf(x)—Ke ,f(x)) =0 in L? and a.e.

(6) lime_o(Kcf(x)— K ,f(x)) =0 in L? and a.e.

Proof of Lemma 1. Inequalities (1) and (2) follow from the fact that the differ-
ences are expressed by integrals over a region contained in ce < |x —y| < ¢7le;
estimating kernels by Ce™" we obtain the bound

/ Ce"|f()|dy < cM f(x).
ce<|x—y|<c~le

Inequalities (3) and (4) follow from bounds for the maximal singular integral
operator for the s.i.o. with kernels k(x, z) and k(x(x), dx(x)-z) [CZ 1, CM].

To prove (5) and (6) it suffices to calculate the pointwise limit for F(x) =
f(x)J(x) € C!. The first observation is that in calculating K. ,f(x) and
K. »f(x), we may use the uniform continuity of dx to replace the region of
integration {y : [x(x) — x(»)| > €} by {y:|dx(x)-(x —y)| > €} with an error
bounded by ¢, sup |F(x)|, where ¢, is small if € is small. To prove (6), let

Ke'F(X)=/| | k(x(x), x(x) = x(V)F(y)dy
x—y|>e€

(3_7)
_/ k(x(x), x(x) = x()F (y) dy.
[dx(x)*(x—y)|>€

Now use that k(x(x), dx(x)-z) is an odd kernel and that each integral in (3-7)
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may be taken over a region contained in ce < |x — y| < c"le. We have
(3-8)

K!F(x)= lhe(x(x), x(x) = x(»))

[x—y|>e

ce<|x—y|<c™!

€

—k(x(x), dx(x) - (x —y)F(y) - F(x))dy

- / k(x(x), 2(x) - x())

Ia')((X)'(X—y)IT6

ce<|x—y|<c™ e

—k(x(x), dx(x) - (x =y)IF(») - F(x))dy

+ F(x)Le(x).

Each integral in (3-8) is absolutely convergent for F(x) € C} and the limit of
the difference of the integrals is 0. To estimate I.(x), we use the continuity
of dy(x) to obtain that

lk(x(x), x(x) = x(¥) = k(x(x), dx(x) - (x = »))|
<celdy(x)- (x =p)|lx —y|™" ! for ce <|x-y|<cle.

It follows that |I.(x)| < ce fc€s'x_y|SC_,6
The proof of (5) is similar. O

|x —y|™"dy - 0 as € —» 0.

Proof of Theorem 5. Let

K f(x) =gig(1) - k(x(x), x(x) = xNSf»)J(y)dy
x—=y|>€
(3-9) = lim K f(x) = T, /(x),
K f(x) = lim k(x(x), dx(x)-(x =y)f(»)J(y)dy.

€0 1x—yl>e

We will show that K — K € %(R"). Let {¢/(x)} be a sequence of C* coor-
dinate changes converging to y(x) in C!. If

K/ f(x)= lim k(x(x), 1/ (x) = W) S)I () dy,
(3-10) . rle |
K’ f(x) = lim k(x(x), dxY!(x) - (x =y f)JI(»)dy,

€20 J|x—y|>e

and C/ = {(f — K/, then C’/ € %(R") [SCM, Lemma 6, p. 675]. To show that
lim C/ = (K-K) in operator norm, we shall apply the Multilinear Commutator
Theorem of [CMM, Theorem 3] to show that

sup|KJf(x) = K f(x)] \ < ¢, ldx’ = dxlloclllp

>0

(3-11)

suplK/(x) - K.f(x) H < ¢,ldx’ = dxlloll -
€>
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Let F(x) = f(x)J(x); using a partition of unity assume that the support
of F is near x°. We choose 6 > 0 so small that k(x(x), Z) is an analytic
function of Z for Z € C*, |Z;—(dx(x°)-z);| < 1008|dx(x°)-z|, z € R"\{0}.

We apply the method of rotation [CZ 2] to

(3-12)
TIF(x) = /| Tk, 200 = 2 0) = K(x(), 2(0 = xODIF Q) dy.
x—y|>€
We write
(3-13)

TIF(x) = 5 { [ ), 000 == 2)

— k(x(x), (%) = x(x — Z)IF(x — 2)dz
+ /| Tk, 20 x4 2)

—k(x(x), x(x) = x(x + 2))IF(x + Z)dZ} :

Using polar coordinates, z = pa, dz = p" ! dp do, and the homogeneity and
oddness of k, we have

T/F(x) = %/T,{,CF(x) do,

Tj F(x) = [ﬁ {[ k (x(x), (x) - X;'(x - pa))

(3-14) k (x<x>, 4 R po) )] F(x - po)

_ [k <x(x), X (x+ pr;) -2 (x)

)
k (x(x), x(X+p;)—x(x))] F(x+pa)} ébg.

Now fix ¢ and write x =t + w where w 1L ¢ so that
IG(x)|? dx = / / Gto +w) di dw.
R” R*-1 J—00

The first estimate of (3-11) will be shown if

(3-15) /suplT({YEF(ta +w)P dt < c,‘,’lldxj —dxl|?, / |F(to +w)P dt.
>0

For fixed o let Z%=dy(x%) - ¢ and assume that
ldx(x) = dx(xO)|l < 3|l dx (xO)].

The kernel k(x(x), Z) in (3-14) is evaluated at points Z = (Z,,..., Z,)
where |Z; — Z,.°| < 6. Thus we use the contour integral representation for
k(x(x), Z) on the contours |{; — Z?| = 50 :
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1 dé---diy
k(x(x), / /k PC-2) (Qmiy
I/~ Z0|=506

n

P({-2)=T](- 2.

i=1

(3-16)

We introduce the notation
x(to+w)— x(so +w)

Aa,wX(ta S) =

t—s
and write the integral in (3-16) as
3-17 }4 k(x du(l;
(3-17) =7 4O
Thus
(3-18)
TJ,GF(ta +w) = fk(x(ta +w), C)Té . CF(ta +w)du(l),

T, cF(“’*“’):/ew{ [p(c-A,,,w;f(t,t—p)) - P(C—Aa,wlx(t, t—p))]

x F((t— p)o+w)

1 1
B [P(C_Aa,wxj(t+p: 1)) - P({—As,wx(t+p, t))]

F((t+p)a+w)} d_pp
Of course
1 1 - Zlghlgn(a!)_l(DaP)(( -Z)Z-2Z))
(3-19) PC-2Z)) PC-2Z) PC=ZNPC=2Z)
and

1 1 1 (Z — 2%~
(3-20) = = Z .
Pl-Z P((-2Z0 z,-2? Z0 Z0)e
-2 (¢ I (1 - c_—z‘ff) P —-2% & (- )
Using (3-19) to simplify the kernels in (3-18) and then expanding 1/P({ — -)
in a power series using (3-20), we apply the Multilinear Commutator Theorem
of [CMM] to obtain that

(3-21) /sgg|Tj)e,cF(Ia +w)|P dt < cf,’A’C’ / |F(to +w)|P dt.
with
e o] 6, m 2
. - Ci
(3-22) Ag=c Y cldx! —dx| .(Z(l + m)* (495) ) )
1<|a|<n m=0

Now integrate the estimates for T’ ¢.¢ With respect to du({) in (3-18) to
obtain (3-15) and the first estimate 1n (3-11).

The proof of the second inequality in (3-11) proceeds in the same (but sim-
pler) manner.
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To calculate the symbol of the operator T of (3-4), use that the symbol is
the same as for the operator with kernel k(x(x), dx(x)-z)J(x). Then use a
variant of Lemma 1 to show that

a(T)(x, &)= lim e k(x(x), dy(x) - 2)J (x)dz

€=0,N—=00 Jec|z|<N

= lim e %k(x(x), dx(x)-2)J(x)dz

€—=0,N—00 Jec|x(x) z|<N

=o(T)(x(x), [(dx(x))""]" - &).

This proves Theorem 5. O

(3-23)

Proof of Theorem 4. It remains to treat the even kernel case. Let

(3-24) Tf(x) = lim k(x,x-y)f(y)dy,

e—0 Jig_y
[x—y|>€
where k(x,—z)=k(x, z) is an even kernel and k(X, -) has compact support
in Q. As in [CZ 2] we use the Riesz transforms. Let R;(z) = c,z;/|z|**! be
the kernel of the jth Riesz transform so that o(R;)(x, &) = i&;/|¢|. Then

a<T><x,é>=i( o0 ) (i)

(3-25) "
=Y a(T))(x, Oo(R))(x, &).
j=1

If kj(x, z) is the kernel of the operator T}, then

(3-26) lim (%, X =P)(R; f)(p)dy

1 €e~0 15— y|>e

Let ¢ € CP(Q), ¢ = 1 on suppk(x,-) and let R/ = ¢R;¢. Then

n
(3-27) T=> TR+ ¢C,
Jj=1

with C' € &(R"), and
Ty=x" (Z m}) X+ X°PC X
(3-28) ) /=1
= Z(X*zj*)(x*R}x*) + X" ¢C’ Y.
By Theorem 5 and Theorem 3, (Tj)y» (R))y,and Ty arein Op % (R") and
(3-29)
a(Ty)(x, &) =Y (6(x*Tixs)(x, E) (X" Rjxa)(x, &)

j=1

= Ea<Tj>(x<x>, [(dx(x))™'1 - &) a(R)(x(x), [(dx(x)'T - &)

= o(T)(x(x), ([dx(x))™'T - ).

This concludes the proof of Theorem 4. O
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Remark. E. B. Fabes pointed out that Theorem 5 (and hence Theorem 4) are
valid for operators with kernels in ?jg’n‘;" . For the proof write the odd kernel

K2, 2) = Y am®)Yim(Z)+ Y am(0)Yim(2)

1<m<N N+1<m

and the corresponding operatoras 7 = T} y+7Tn41,00 . Then (T} n)y— T N 18
a compact operator on L?(Q) and for N large (Tni1,0), and TN+1,oo have
small norm on L?(Q). Hence T, — T is a compact operator on L?(Q). As a
consequence the symbol of an operator in Op gg)’w(R") is invariantly defined

under C! coordinate changes.

4. SINGULAR INTEGRAL OPERATORS ON A C! MANIFOLD

Let .# be a compact oriented manifold of dimension n and of class C”,
r>1.

Definition 4.1. An operator C on LP(A#) isin & (#), 0<k <r—1,iff
(1) For 0<j<k-1, C and C* map L%(A) into LY (A).
(2) C is a compact operator on L{(A4).

An operator T on LP(/) is in Opf;ﬁ’g)”?(/l ) iff

(1) For each ¢, y € C}(#) with disjoint support, ¢Ty € G (A,
(2) For each ¢, y € C{(#) with support in a coordinate patch U with
coordinates x : U — U C R",

(4-1) X*(¢Ty)x. € OpZg” (R").

If T € Op %g)’ﬂ(R”) , the symbol of T is the function on the cotangent
bundle of .# defined by

(4-2) a(T)(p, L&idxi) = a(x"(¢T¢)x.)(x(p), &)

where x is a coordinate function on a neighborhood U of p and ¢ € Cj(U),
¢ =1 near p.

It follows from Theorem 4 that the symbol of an operator 7" € Op ﬁg)"ﬁ(k”)

is well defined. Let Zg)’ﬁ(/ ) denote the space of functions on the cotangent

bundle of .# which are homogeneous of degree 0 and real analytic in the
cotangent variables, and of class C*¥ with respect to the variables in .# . Then
o(T) € %4 ”(#). Following, e.g., [P], we then have the symbolic calculus,

at least at the principal symbol level, for Opﬁg)’ﬁ(% ). For completeness we

record two results—the Symbol Exact Sequence and the characterization of
elliptic (Fredholm) operators in Op%g)*ﬁ(ﬁ ).

Theorem 6 (Symbol Exact Sequence). Let .# be a compact oriented manifold
of class C'. The symbol map, o : Op%(g)ﬁ(/l ) — %8{%% ), is a x-algebra
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homomorphism, and the following sequence is exact:
0 — Zo(H) — Op%o;” (M) % E3 (M) — 0.

Theorem 7. Let T = (T;;) be an N x N system of operators in Opg(g)”ﬁ(/f ).
The following are equivalent:
(1) (a(Tyj)(p, & dx;)) isa nonsingular matrix for each p € A, 3" & dx;
#0.
(2) There is a bounded operator S on LP(H) such that ST = I + C,
Ce®(H).
(3) There is an a priori estimate

(4-3) /1, < clITSfllp +IC S5,
with C € & ().

Proof of Theorem 7. 1If (1) holds, let a(S) = [¢(T)]~' and apply Theorem 6 to
obtain (2). If (2) holds, write f=STf - Cf to obtain (3).

Suppose that inequality (4-3) holds. Fix p € #, U a coordinate neighbor-
hood of p with coordinates x : U — U C R" and fix ¢ € CL(U), ¢ =1 near
p. Let T =x*(¢T¢)x, € Op Ef?(g)’ﬁ(R”) . Then for g € C§° with support near

x(p),

(4-4) T(x*g)=x*(Tg)+C(x*g)
so that
(4-5) gl < cITgllp +IIC'gllp »

with C’ compact on L?(R"). We are now reduced to the Euclidean case and
we fix €0 # 0 and apply the inequality (4-5) to gx(x) = e’**¢’ g(x). We have
that [|gcll, = llgllp, IC"&ll, = 0 as k — oo, and

. ikx0 . 1 ; 8 .
Jlim e~ Tg, () = lim oo [[eo(T)(x, &+ kE)2(E)

(4-6) _ (2%) / e*a(T)(x, £ (&) de

=a(T)(x,&%g(x).
The limits in (4-6) are taken in L?(R"). Hence
(4-7) gl < lla(T)(-, £gllp

for all g with support near x(p). This implies that o(T)(x(p), &%) is a non-
singular matrix. O

In particular a system of operators, 7 = (7};), in Op‘ﬁg)ﬁ (A is Fredholm
on L?(A) iff (o(Tij)(p, Y &idx;)) is a nonsingular matrix for each p € #,
S~ & dx; # 0; such an operator [system] is called elliptic.
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